1 Linear Systems, Superposition, and Convolution

In this sectionwe provide a brief introductian to linear systemsheory It is basedon the following
definition
Let L denoteatime-invariant, linear systemwith inputxz andoutputy:

v —[ L J—y

Suchsystemsare additive (the responsdo the sum of two inputsz; andx, equalsthe sum of the
responseto eachinputtakenindividually):

L(ml + 332) = L(.’L’l) + L(xg)
andhomogeneous (the systemcanbe scaledby the magnitideof theinput «,, wherec: is ascalar):

L(az) = aL(z)
Takentogetherthey enjoy the Principle of Superposition:

L(az; + ) = aL(z;) + SL(z2)

Several idealizedinput functionsare of specialimportancein analyzingsystemsthe Dirac delta
function andthe unit step function. The unit stepis definedas:

0, if t <O0;

u(t) =< 1, if t > 0; (1)
undefined if¢t=20

andthe Dirac deltafunctionis its derivative:

A du(t)
i(t) = s

Of course sincethe stepfunctionis not continuougnoticethe valueat 0), onehasto be caretll in
definingexactly whatis meantby the above equation.Formally, the §(¢) is adistribution definedby the
integral equation:

It canberepresentedsthelimit of asequencef functionssuchas:

1 . xt

de(t) = —sin—
with ¢ — 0, seeFig. 1; During this limiting processwe have somethng that resemblesa physcal
approximationto the unit impulse, the first testpatternusedto evaluatethe lateralinhibitory network.

Theresultis calledtheimpul se response
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Figurel:

Similarly, sincethe stepfunctionis the integral of the impulsefunction, the step response, or the
respons¢o a unit stepfunction

S(t) = L(u(t))
is theintegral of theimpulseresponséunction:

In general of coursewe areinterestedn theresponsef a systemnotto thesespecialfunctions,but
to anarbitraryinput. Thetrick is to approxinatethis arbitraryinputasa sequencef stepfunctions(Fig.
2.12in OppenheimandWillsky, p91),andthento usesuperpositin to obtainthe overall responselt is
necessaryo assume that the input function z(¢) is continuous, sothattheapproximatbn is meaningful.
Now, supposehe input startsat¢ = 0, andtime is discretizedinto bins A secondsapart. The first
stepin the approximationhasheightz(0), a constantandthe additional stepatt = kA hasheight
[z(kA — z((k — 1)A]. Rememberinghatu(0) = 1, thesignalz(t) canthusbe approximatedy

2(t) = z(0)u(t) + [z(A) — z(0)]u(t — A) + [(24) — z(A)]u(t — 2A) + - -- )
= 2(0)u(t) + Y {z(kA) — z((k — 1)A)bu(t — kA) (3)

Theapproximateoutputis thengivenby



g(t) = z(0)S(t) + > {x(kA) —z((k —1)A)}S(t — kA) (4)
= z(0)S(t) + Z{x(m) — "Z(k —14) }S(t — kA)A (5)

=
Il

1

Now, introducea limiti ng processn which the time stepsbecomevanishirgly close,sothatA — dr,
kA — 7, thesumbecomesnintegralandwe have:

lim g(t) — y(?) (6)

_ :E(O)S(t)—i-/oo d(7)

o0+ dT

S(t—7)dr (7)

Repeatinghisapproximatio procedurdor acontinuousnputz(t¢) startingatt’ > —oo andsuchthat
z(t)S(t —t') — 0 ast’ - —oo yields:

v = [ s nar ®
= /_ x(T) deS_T) dr 9
= /_00 z(T)h(t — 7)dr (10)

Thusthe outputcanbe computedasan integral function of the impulseresponse.Suchan integral is
calleda convolution integral, andthe above expressions oftenabbreiated:

y(t) = z(t) = h(t).
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