
1 Linear Systems, Superposition, and Convolution

In this sectionwe provide a brief introduction to linear systemstheory. It is basedon the following
definition:

Let L denotea time-invariant, linear system with input � andoutput � :����� L ��� �
Suchsystemsare additive (the responseto the sum of two inputs ��� and �	� equalsthe sum of the
responsesto eachinput takenindividually):
�� �
�����	����� 
�� �
����� 
�� �	���
andhomogeneous (thesystemcanbescaledby themagnitudeof theinput � , where � is ascalar):
�� � ����� � 
�� ���
Takentogether, they enjoy thePrinciple of Superposition:
�� � �
�������	����� � 
�� �
������� 
�� �	���

Several idealizedinput functionsare of specialimportancein analyzingsystems,the Dirac delta
function andtheunit step function. Theunit stepis definedas:

� ��� ��� �� ��!#" if
�%$ ! ;& " if
�%' ! ;

undefined" if
� � ! (1)

andtheDiracdeltafunctionis its derivative: ( �)� �+*-, � ��� �, �/.
Of course,sincethe stepfunction is not continuous(noticethe valueat 0), onehasto be careful in

definingexactlywhatis meantby theaboveequation.Formally, the

( �)� � is a distribution definedby the
integral equation: 021

3 154 ��� � ( ��� � , � � 4 � ! � .
It canberepresentedasthelimit of asequenceof functionssuchas:(76 ��� ��� &8 �:9<;>= 8 �?

with ? � ! , seeFig. 1; During this limit ing processwe have something that resemblesa physical
approximation to theunit impulse, thefirst testpatternusedto evaluatethe lateral inhibitory network.
Theresultis calledtheimpulse response @ ��� ��� 
�A ( ��� �CB
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Figure1:

Similarly, sincethe stepfunction is the integral of the impulsefunction, the step response, or the
responseto a unit stepfunction DFE�G<H�IKJ�EMLNE�G<H<H
is theintegral of theimpulseresponsefunction:DFE)G<H+IKOQP

RTSVU
EXW�HZYTW�[

In general,of course,we areinterestedin theresponseof a systemnot to thesespecialfunctions,but
to anarbitraryinput. Thetrick is to approximatethisarbitraryinputasasequenceof stepfunctions(Fig.
2.12in OppenheimandWillsky, p91),andthento usesuperposition to obtaintheoverall response.It is
necessaryto assume that the input function \ E�G<H

is continuous, sothattheapproximation is meaningful.
Now, supposethe input startsat

G]I_^
, and time is discretizedinto bins ` secondsapart. The first

stepin the approximationhasheight \ EM^aH
, a constant,and the additional stepat

GbIdc ` hasheighte \ Efc `hgi\ E�EXc gkj H `ml . Rememberingthat

LNEX^aH�I j , thesignal \ E�G<H
canthusbeapproximatedbyn\ E)G<HoI \ EX^aHpLNE�G<H�q e \ E ` H gr\ EM^aH l LNE�G g�` H�q e \ EXs ` H gr\ E ` H l LNE�G g s ` H�qutvtvt

(2)I \ EX^aHpLNE�G<H�q Sw xzy�{}| \ Efc ` H gi\ E�EXc g~j H ` H���LNE)G g c ` H
(3)

Theapproximateoutputis thengivenby
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������<�o� �N�M�a���F�)�<��� �� �����}� �N�X�#�����i�N�<�f�m�~���Z���z���F���N���#��� (4)� �N�M�a���F�)�<��� �� �����}� �N�X�#�����i�N�<�f�m�~���Z���� ���F���N���#���<� (5)

Now, introducea limiti ng processin which the time stepsbecomevanishingly close,so that ��� ��� ,�T� �¡� , thesumbecomesanintegralandwehave:¢>£¥¤¦�§©¨Cª ��«�)�<�o� �«���<� (6)� �N�X�����F���<���Q¬ �­p® ���N�)�	���� �F�)�¯�i�°�<��� (7)

Repeatingthisapproximation procedurefor acontinuousinput �N���<� startingat ��±�²³�µ´ andsuchthat�N�)�C±¶�<�·�)�¯�i�C±¶��� � as �C±#� ��´ yields:

�
�)�<�o� ¬ �¸ � �a�N�)�	���� �·�)�¯�i�°�<��� (8)� ¬ �¸ � �N���	� �¹�·�)�	���� ��� (9)� ¬ �¸ � �N���	�<º»���¼�i�°�<��� (10)

Thusthe outputcanbe computedasan integral function of the impulseresponse.Suchan integral is
calleda convolution integral, andtheaboveexpressionis oftenabbreviated:�
�)�<���½�N�)�<�¯¾©º»���<��¿
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