P and NP

= et o": decision Fleuns solvelle in Folynow\;'al Fvne
$1 M Aku«ss{-—n'dn‘- P=NP

NP = st of deci¢ion PIOLICMS with Fo'yhoum'al-"\‘m veri Keetion Aljol\.'PL\MS
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P and NP

P= $c+ o‘c decision FroUl-w\s so‘w.LL in Folymom.‘d "s‘m

?

41 M queskion. PENP (NPEP)

NP = set of decigion ‘woLICw\s wifh Fa's/nomn'al"‘\‘m veri Keetion Aljon'”nms

PeNP:

Let XeP.  Thuwn there exds Paly— hwe A that cdves X. Ul P

Define poly-dme verifier fr X: X-VERIF (x,y)
retvin Alx)

[Nec(f.'- X(x)=YEs = 37’ st 5.‘1:(7)\';'&0'7 in sitelx) and X~\/EI2!F‘)‘(K,7)= YEQ

If Xxd= YES Hun X-VERIFY(xy)= (x); YES for -l y
”3" A sdwes X so Alx)= X{x)

[Need: X(x)=NO ¥y, X-VERIFY (xy)= ND fir all y]
If X(x)=NO tren X-VERIFY(xy) s Ald= NO  Gr all y
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NP-complete Problems

NP - complete: Problem X vs NP-complele i 1) XeMP .
ot F 2> Pea X Br all YeWP Tt

Bor all ¢; no A that Solwes X has wasst cage O(n)
To show P#£NP 4 owfhes b prove that XEP Hr come X eMP.
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NP-complete Problems

NP"C«OMFR"’&‘- Prdolzw\ X vs UP'comrlch if |> Xe¢ MNP X is
DD Y& X Br all YENP Jponacd
Bor all ¢; no A Hant Solves X has warst case O(n)

To show P#NP)."" ey b prove that X¢P Hr come X eMP.
To show P':fNP, it soffus b ‘-:ml a rolym)mhl fwme a'gn.‘“‘m 4/‘ Somie NP-comrle'/LX

Surr()u X is NP'COMF|¢+L oma( A So'ves X in Polynowu’-\' ""'W\L
rLet YeNP

veep | Thm Y& X (Lf NP-complete)

Lo some B sdves ¥ Vsing roly-M + ?0|7 alls b alﬁ for X (def él’)
LTL\“\ YeP (ve Abosde Xin R : ro|7 + szro% S Fol\/)

ply o prlycsll  pely Hew in A
Most compuer sieabishs think P WP : oA
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LTL\“\ YeP (ve Abosde Xin R : ro|7 + szro% S Fol\/)

ply o prlycsll  pely Hew in A
Most compuer sieabishs think P WP : oA

NP-Complete Page 5



NP-complete Problems N s s.;Perrn‘mt_ i€ itis o P:)S/H\/c ln‘l'eée/‘ with no divisors
ﬂ\&f‘a onre o sarerfriwms =
“P"COMF‘&"’&‘- Prdolzw\ X VS UP'com‘alch i‘F l) Xé A}P X is
DD Yer X for all YENP ] np-nacd
To show X ¢ MP-comPle+¢f 1)  show XeNP
) show Y<p X for ame NP-complete Y
(Lf A)P-cm-.ﬂd’t) (Framsibivity)
let ZEMNP. Then 247 ond o 25‘; X

So ZﬁPX (ar all ZeNP ond hene X is NP-tomPk"’!
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NP-complete Problems N s svpgrfnwv. i€ tis & Pas:f—;\/c Infeéer with vw divisors
fk&rc nre o Sdrerrrwws

“P-comr|e+&'- Prololew X vs UP'melch f 1) XeNP
D Yea X for all YENP ] pmacd

To show X ¢ MP-comPleh 1) show XéNP
) show Yep X for ome NP—comFIcit Y
(f A)P-cawsflf-‘h-> (Framsi bivity)
let ZEMNP. Then 27 ond 9 T€ PX

So Z‘:FX ér all ZeENP ond hene X is NP—toka"'!

I‘( Z“f Y mo( Yé,)( 'Hun 249)(
Then there is a B Pt olves Z veing ro'y Fe + Pl\/ el o a,g for Y
Ad ther is on A Bt colws ¥ wing Foly e + Pvly cslls b alg fr X
5o+\ruc\smo.|£r ly fme o) "bx e Awm B)
o Pl kb ol b KU

poby Hwme + poly « (poly fiwe +Fo|7 u-"s h "'|>°7 Fme + poly - ]>07 enlls o X )
=Poy 'W\L + Poy Callg b X
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NP-complete Problems

NP"COMf‘t‘l’&‘- Prololew X vs UP'comFIGh if |> Xe¢ NP X is
1) Yf?)( br all YGIVFJNP-WW;L

To show X ¢ MP-comFle+¢€ 1)  show XeNP
'L) show V&PX '9/' Some NP-comFIcf'e Y

let ZeMP. Then Z%Y od o 24X
So ZﬁPX (»r all ZeNP oand hene )( s NP—coMPle“'!

Howai [bonian Cyele <p Tfo\\lC”l'v\ﬂ Qlcsferson
RC 15 NP-complete

TSP enp

S0 Teoweling Salespersn ic NP-complete
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Independent Set is NP-complete shse of verhug C ¢4, -
e\l edgg have 2| endpoint in C

VERTEX-COVER: Given umdirected G avd k, ¢ Huve « Verter cover C i lclek?

0 ertex cover
RV N
Ng— g~
shoset of verfs .t u,veS => vo edge (u,v)
[NDEFENDE/\,T SET O‘\IU\ Vna(lf(chl (7 nnd k) is 'Hbe/e on qnlz,;endtn“‘ S("'Ig \.n‘,-k lS]Zk’
VERTEX ~COVER s NP-COMP\dE
INDEPENDENT SET s MP—coMF\dE

IS eNP:

VC €p IS
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Independent Set is NP-complete 9“\»4_”‘_‘ verhue C 94.- -
e\l edgee have 21 endpoint in C

VEKTEX"COVEK-‘. ()tVCV\ wab‘rtd’tA C? qvw( k) X4 "'L,,g a ‘:[Cf'l'(’x c,yp[, C u,’.”.\ IClsk?

o Verbex cover
% C\O@Bb o s S

5]
shoset of verfe s.b. U,vES —> vo edge («,v)
[INDEPENDENT SET: Given wndiveckd G ond IL) is there on qn&,;end.m" set € with 'S]Zk’

VERTEX ~COVER s NP-—com?\d‘& (dvst wae) ok
\”|7 msedb
INDEPENDENT SET /s MP-coMF\c"! 6 s ind. sef S w) 1512k =5 K-VERIFY (6,£9)= Y
6 s o such ind. s STIC-VERIFY (6,ES)= V
15 eNP: IS-VERIEY ( 6,k forell S
if S¢cverbus in @ D(n>
Flf‘ w,v C's O(Y\l) ;'hru"s‘onﬁ
i (M,\l) % an u(y. in O tn rebwn ND an) r chek
relvin YES amﬁ‘ (P'ymw'", )

VC &p IS
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Independent Set is NP-complete S’J,sc“d‘c verhus C ¢4, .
e\l edgs have 21 emlplln in C

VEKTEX'COVEK‘. ()tVCV\ wab‘rtd’tL C? qvw( k) 4 "'L,,g & ‘:[cf-/'(’x C,ypf C H,J«L IClsk?

o Verbex cover
% C\o@a o s S

6
shoset of verfe s.b. U,vES > vo edge («,v)
INDEPENDENT SET: Givew undicected & ond IL) is there cn qm&PendJn‘\’ set' € with lS]ZL’

VERTEX ~COVER s NP-—com?\d‘& (dvst wae) o
\”|7 mseudb
INDEPENDENT SET s MP’CoMF\e‘l'E G ns ind s S w) 1912k = K-VERIFY (6,£9)= ¥
6 s o such ind. s SIS-VERIFY (6,ES)= M
IS e NP: IS-VERIEY ( 6,k frall S
if S¢cverbus in @ D(v\>
fr w V€S Olnt) {’!ror’sons
if (u,v) 5 an ey in O thn rebvn ND  Oln) per chak
retvin YES an3) K‘ (P)Iywmiﬂ,)

tebon NO
VC &p IS
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VC <= IS
" Pe“ Q

VC €p TS NC (6,k)
? redurn IS((;,V\—k->

G heo vertex cover of siwe 2k &> 6 has independint set of sive 2n-k
= Sdrpoa (9 has \Ief‘,'fx CWCC_Q_ with lc,i k
Let 6= V-C. Then [8lZn-k. (Iszn-]c];-l¢f2-kD

A\so, 5 is on n‘m&‘pem‘lwl' S(‘l':
Soﬁwa w,vesS bt (uv)ekE
uv &C (choe of S)
(u,v) H3 not coverel l,\, E (ru.n'H‘ur cnﬂ(Pv;n-'— 'S in L)
C is vt & verttx cover P& (oot cover (u,v>)
2 Vu,v W, VES =5 no edge (uw)
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VC<=1IS
l::‘ s{—l‘ ‘. + % % SWIQ“(S+ VCI"'CX cover
{ Y .P,) “

V(C €, TS NC (6,k)
? rebuin LS(6,n-k)

G hao vertex cover of size 2k &> 6 hes independent st of sie Zn-k
= Svrpoa G s vertex comr C with |Cl2 k
Lt $=V-C. Thin |8|2n-k. (lel=n-lc];-lef2-kD

Ako, 5 is on Ml(tpev\ﬁm'l' sct:
S"I’F"“ w,veS bt (uywv)ekE
wv ¢C (Chou of S)
(u,v) A no+ coverel L, (vu. bher evw(Po at i tn L)
C is vot o vertx cwcr' -‘-'?G' (doeswt cover (MN))
Vuv w,veS = wo edge (uyw)

&= SuPPoa G s im(l.jgmdud' et S with |82 n-k

let C= V-5 Hun Jclé k. (1eh=n-]¢] 5 ISl <mrk)
2=/
Also , i¢ o vertex cover:
So ppost (U,v)eE bt uél ond y4¢C
Thm u,ves (choie F C)

Sito ok anm fwde ew‘m"’ st D& ™ A/jhuvr" verks u,v)
. Yuv (uv)eE —> weC or veC
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